Introduction
The theory of ε-constants can be traced back to Gauss' work on quadratic Gauss sums
in which p is an odd prime and χ 2 : (Z/pZ) * → C * is the (unique) quadratic multiplicative character mod p. From the equality τ (χ 2 ) 2 = χ 2 (−1)p one can deduce Gauss' quadratic reciprocity law (c.f. [29] , pp. 77-78). The above formula determines τ (χ 2 ) only up to ±1. The difficulty in determining epsilon constants without sign ambiguities appears even in these early examples, where the sign for the quadratic Gauss sum has very important consequences for the distribution of quadratic residues (c.f. [18] VIII, §6). Gauss conjectured an exact formula for τ (χ 2 ) in 1801, which he proved in 1805 (c.f. [29] , Chapter IV, §3, [25] , p. 73). The study of Gauss sums took on new significance with the discovery that they occur as constants in the functional equations of Dirichlet L-series. To describe a modern conjecture descending from this result, suppose X is a projective and flat regular scheme over Spec(Z) which is an integral model of a smooth projective variety X of dimension d over Q. The Hasse-Weil zeta function of X is defined in a suitable half plane of convergence by the infinite product ζ(X , s) = 
Denote by L(X , s) the zeta function with Γ-factors L(X, s) = ζ(X, s)Γ(X, s).
The L-function is conjectured to have an analytic continuation and to satisfy a functional equation
L(X , s) = ε(X )A(X ) −s L(X , d + 1 − s)
with ε(X ) and A(X ) (the "ε-constant" and the "conductor") real numbers which, assuming certain choices, can be defined independently of any conjectures (see [15] ). The formulas in [15] give expressions for both ε(X ) and A(X ) as products of certain rational numbers, roots of unity and generalized Gauss sums of the form τ (χ) = a∈R *
χ(a)ψ(a)
in which R is a finite ring and χ (respectively ψ) is a multiplicative (respectively additive) character of R. The knowledge of the numbers ε(X ) and A(X ) is important in many arithmetic applications. In particular, the sign of ε(X ) influences the order of the zero or pole of L(X , s) at s = (d + 1)/2. Hence, at least when d is odd, this sign should determine, via the various generalizations of the Birch and Swinnerton-Dyer conjecture, the parity of the rank of a certain group of algebraic cycles on X . There is considerable interest in obtaining information about ε(X ) and A(X ) using other global invariants of the variety X . An example of a result of this sort is Bloch's conjectural conductor formula [3] ; according to this, A(X ) is given as the degree of the localized top Chern class of the relative differentials Ω 1 X /Z . Bloch's formula has been proven when d = 1 [3] , when X → Spec(Z) is "tame" (see below, [13] and [1] independently), and when all the fibers of X → Spec(Z) are divisors with normal crossings [28] . Let us remark here that, as we can also see directly using the predicted functional equation, determining A(X ) is equivalent to determining the square ε(X ) 2 . In this paper we will study an "equivariant" situation. We will assume that X supports an action of a finite group G; this produces a G-cover π : X → Y := X /G. For any finite dimensional complex representation V of G with character ψ we can consider the Artin-HasseWeil L-function with Γ-factors L (Y, ψ, s) . This is the L-function of a corresponding "higher dimensional Artin motive" obtained from X and V . There is again a conjectural functional equation
L(Y, ψ, s) = ε(Y, ψ)A(Y, ψ) −s L(Y,ψ, d + 1 − s).
Now assume: (T1) the action of G on X is "tame" (for every point x of X the order of the inertia subgroup I x ⊂ G is relatively prime to the characteristic of the residue field k(x)), and (T2) both schemes X and Y are regular and "tame" (i.e they are regular and all their special fibers are divisors with strict normal crossings with multiplicities relatively prime to the characteristic).
In this paper, we will show how, under these two assumptions, we can determine the constants ε(Y, ψ) for all symplectic characters ψ of G using the G-equivariant Arakelov-Euler characteristics of a suitable de Rham complex of X (see below and also Theorem 8.3) . Recall that a G-representation V is called symplectic when V supports a G-invariant perfect alternating bilinear form. When G is the trivial group the "smallest" symplectic representation is the direct sum 1 ⊕ 1 of two copies of the trivial representation. The result is interesting even in this case. Indeed, then X = Y and the result specializes to a formula giving ε(Y, 1 ⊕ 1) = ε(X ) 2 in terms of an Arakelov-de Rham-Euler characteristic; one can show that this formula amounts to Bloch's conductor formula (see [13] ). In [13] , Bloch's formula is shown under the "tameness" assumption (T2). Therefore, in the current paper we obtain an equivariant generalization of this result. Let us remark that the constants ε(Y, ψ) depend intrinsically on the l-adic Galois representations which appear in the étale cohomology of the arithmetic variety. The results of this paper give one of the first instances where Arakelov theory is involved in determining an interesting Galois representation invariant of this type. It is particularly striking that our results enable us to determine the sign of ε(Y, ψ) for symplectic ψ.
In [8] and [12] , we have shown, under the assumptions (T1-2), that a G-equivariant de RhamEuler characteristic can be determined using ε-constants. As we will explain below, our current results can be viewed as providing a "converse" of the main theorems of these papers. The main result of [8, 12] , generalizes "Fröhlich's conjecture" (shown in [36] ) on the Galois module structure of the rings of integers O N in a tame extension N/K of number fields with group G = Gal(N/K) to higher dimensional schemes over Z. Fröhlich's conjecture explains how one can determine the stable isomorphism class of O N as a Z[G]-module from the signs of the constants ε(Spec(O K ), ψ), ψ symplectic. In this zero-dimensional case, the "converse" is provided by Fröhlich's hermitian conjecture (shown by Cassou-Noguès and Taylor in [6] ). Roughly speaking, this shows that the Z[G]-module O N , together with the additional structure provided by the hermitian pairing of the trace form, can be used to determine the symplectic ε-constants. A main observation of the present paper is that instead of using the trace form we can construct invariants using Arakelov hermitian metrics. From our point of view, the Cassou-Noguès-Taylor result may be reformulated as follows: they show that the ε-constants of Artin L-functions for symplectic representations of G can be recovered from the isomorphism 2 ) 1/2 , where the sum extends over the distinct embeddings σ : N → C. The theorems in this article provide generalizations of this CassouNoguès-Taylor result to higher dimensions. Now let us explain in some more detail our results and methods. We first study bounded complexes of finitely generated Z[G]-modules whose determinants of cohomology are endowed with certain metrics; we call such complexes metrised complexes. The alternating sum of the terms of the complex yields an Euler characteristic of the complex in G 0 (Z [G] ), the Grothendieck group of finitely generated Z[G]-modules; furthermore, if the complex is perfect, in the sense that all the terms of the complex are projective, then one can form a projective Euler characteristic in the finer Grothendieck group K 0 (Z[G]) of finitely generated projective Z[G]-modules. Our initial aim is to construct an arithmetic class (or "Arakelov-
(see the beginning of Section 8). Our main result shows that the de Rham Arakelov-Euler characteristic d(X ) ∈ A(Z[G]), together with the arithmetic ramification class AR(X ) ∈ A(Z[G]) (see 8.2), completely determines all the constants ε(Y, ψ), ψ a symplectic character of G. To explain how this is achieved, observe that by its definition (see 3.2), A(Z[G]) has a "Fröhlich description"; this allows us to describe elements in A(Z[G]) by giving suitable homomorphisms from the group ofQ-valued characters R G of G. In Section 4 we show that, by restricting to the subgroup R s G ⊂ R G of virtual symplectic characters of G, we obtain an image of A(Z[G]) in the so-called tame symplectic arithmetic classgroup A s T (Z[G]). For a ∈ A(Z[G]), we will denote by
, called the group of rational classes, which supports a natural isomorphism
Our main result then is (Theorem 8.3):
) is a rational class and for any symplectic character ψ
This result can be thought of as a "converse" to the main Theorems of [8] and [12] ; there the class of the de Rham-Euler characteristic in K 0 (Z [G] ) is shown to be determined by ε-factors. Let us point out that the arithmetic ramification class AR(X ) is modelled on the "ramification class" R(X /Y) of [8] . It only depends on the branch locus of the cover X → Y; under our assumptions this branch locus is contained in a finite set of fibers of Y → Spec(Z). In the zerodimensional case X = SpecO N , Y = SpecO K , the arithmetic ramification class is trivial and the Theorem amounts to the result of Cassou-Noguès-Taylor as reformulated above.
This article is structured as follows: in Section 2 we define our notation and present a number of preliminary results. Then, in Section 3, we define the arithmetic classes for suitable bounded Z[G]-complexes and establish a number of their basic properties. The construction of the arithmetic class is a rather delicate matter, since we wish to produce an invariant which reflects the fact that the terms in the complex are projective, whilst the metrics are only defined on the determinants of cohomology. The main point here is to show that our notion of arithmetic class is invariant under quasi-isomorphisms which preserve metrics in an appropriate sense.
The formation of arithmetic classes may also be seen to be closely related to the refined Euler characteristics with values in relative K-groups introduced by D. Burns in [4] and [5] .
Our arithmetic classes take values in the arithmetic classgroup A(Z [G] ). This group contains a considerable amount of information, and in practice it is often convenient to work with various image groups of this classgroup; the image groups which we require are presented in Section 4.
In Section 5 we consider an arithmetic variety X which carries a tame action by a finite group G and we define an arithmetic class for a hermitian G-bundle on X which supports a set of metrics on the equivariant determinant of cohomology; we then carry out a number of calculations in the case when X is the spectrum of a ring of integers. These will allow us to reinterprate the above mentioned results of Cassou-Noguès-Taylor.
In Section 6 we fix a choice of Kähler metric h on the tangent bundle of X (C). For a complex (G
• , h • ) of hermitian G-bundles on X , we use the equivariant Quillen metrics on the equivariant determinants of hypercohomology (see [2] ) to construct an arithmetic class χ(RΓG • , h Q• ); we call this class the Arakelov-Euler characteristic of (G • , h • ). We then briefly detail the functorial properties of such Euler characteristics and calculate such Euler characteristics when X has dimension one.
In Section 7 we introduce the logarithmic de Rham complex of X ; this is an important technical tool in the proof of the main Theorem. We also obtain an interesting intermediate result. Let S denote a finite set of primes which includes those primes where X has non-smooth reduction and we let Ω 
we view each term as carrying the hermitian metric given by the corresponding exterior power of h D . In Theorem 7.1 we completely describe the image c s (X ) of the logarithmic de Rham- [15] or Section 7). This is done by separating the calculation to characters of degree 0 and to characters which are multiples of the trivial character (corresponding to the G-fixed part). The case of degree 0 characters is reduced to the results of Cassou-Noguès-Taylor in the zerodimensional case after using the moving techniques of [12] and T. Saito's formulas for tame ε 0 -constants. In particular, we obtain (a special case of Theorem 7.1):
) is a rational class and for any virtual symplectic character ψ of degree zero
Finally, the calculation of the G-fixed part (Theorems 7.8 and 7.9) is obtained from the fact that the analytic torsion of the de Rham complex is zero [32] using various considerations of "metrized" duality.
In Section 8, we consider the de Rham-Arakelov-Euler characteristic d(X ) associated to the (regular) differentials of X /Z, and we show how this arithmetic class determines the symplectic ε-constants of X . This is obtained by combining the result for the logarithmic de Rham complex of X with a calculation on the fibers of X → Spec(Z) over S as in [12] .
We would like to thank the referee and the editor for helpful comments which helped us improve the presentation. The third author wishes to express his gratitude to Christophe Soulé for helpful conversations and exchanges of letters concerning the work presented in the latter part of this article.
Preliminary results

Hermitian complexes
Let R denote a commutative ring which is endowed with a fixed embedding into the field of complex numbers C; in applications R will be either Z, R or C. We consider bounded (cochain) complexes K
• of finitely generated left R[G]-modules
Thus the ith cohomology group, denoted
DEFINITION 2.1. -Let x →x denote the complex conjugation automorphism of C; we extend complex conjugation to an involution of the complex group algebra C[G] by the rule
-complex, as above, and where each
i is endowed with a non-degenerate positive-definite G-invariant hermitian form
Thus, in particular, each k i is left C-linear and
Equivalently (as per p. 164 in [17] ) we may work with the C[G]-valued hermitian formŝ
given by the rule that for 
given by the rule µ( x g g, y h h) = x gȳg . Then the associated C[G]-valued hermitian formμμ
is the so-called multiplication formμ(x, y) = x ·ȳ.
Metrised complexes
Let G again denote a finite group, let G denote the set of irreducible complex characters of G, and once and for all for each φ ∈ G we let W = W φ denote the simple 2-sided C[G]-ideal with character φ(1)φ, whereφ is the contragredient character of φ. For a finitely generated
G , where G acts diagonally and on the left of each term; more generally, for a bounded complex P
• of finitely generated C[G]-modules, we put H i = H i (P • ) and we write
We then construct the complex lines
and where for a complex line L we write L −1 for the dual line Hom(L, C). Note also that here and in the sequel for two finite dimensional vector spaces 
For ease of computation we use the above definition of P • φ ; however, alternatively one can also work with the isotypical components W P
• , as shown in the following lemma. Here and in further applications we shall often need the renormalised form ν : and by the restriction of the standard form on W , which is given by the restriction of ν. The alternating tensor product of the top exterior products of these forms is then a positive definite hermitian form on the complex line det(K 
Arithmetic classes
The arithmetic classgroup
In this sub-section we shall define the arithmetic classgroup in which our arithmetic classes take their values.
The notation is that of [9] and so we recall it only briefly: R G denotes the group of complex characters of G; Q is the algebraic closure of Q in C, so that we have the inclusion map Q → C. We set Ω = Gal( Q/Q); J f is the group of finite ideles in Q, that is to say the direct limit of the finite idele groups of all algebraic number fields E in Q.
Let Z = p Z p denote the ring of integral finite ideles of Z. For x ∈ ZG × , the element Det(x) ∈ Hom Ω (R G , J f ) is defined by the rule that for a representation T with character ψ
the group of all such homomorphisms is denoted
More generally, for n > 1 we can form the group Det(GL n ( ZG)); as each group ring Replacing the ring Z by Q, in the same way we construct
The product of the natural maps
) is defined to be the quotient group
Remarks. -(1) Note that, in the case when G = {1}, A(Z) coincides with the usual Arakelov divisor class group of Spec(Z) (see 7.7 for further details).
(2) As indicated in the Introduction, there are two crucial differences between this arithmetic classgroup and the hermitian classgroup of Fröhlich (see II.5 in [17] ): firstly, we work with positive definite complex hermitian forms; secondly, as a consequence of this, we are able to work in a uniform manner with all characters of G. (4) and for w ∈ W , the action of r(a) on 1 ⊗ w is defined to be
The arithmetic class of a complex
For each φ ∈ G we choose an orthonormal basis {w φ,k } of W = W φ with respect to the standard form ν on C[G], then the {r(a ij )(1 ⊗ w φ,k )} form a C-basis of (P i ⊗ W ) G . By (4) and by linearity we have that for
In the sequel for given i we shall write r(a i )(1 ⊗ w φ ) for the wedge product
We again adopt the notation of Section 2.2 and let (P
recall from (1) that for each φ ∈ G we have an isomorphism 
.
In the sequel we shall refer to the first coordinate as the finite coordinate and the second coordinate as the archimedean coordinate. In order to verify that this class is well-defined, we now show that it is independent of choices:
and so the p-component of the finite coordinate of the homomorphism representing the class only changes by
Now for each pair i, j, we have the equalityã ij = l η i jl a il and so by (6) we get
As the η i jl have rational coefficients Det(η i )(φ) = Det(η i )(φ), and so the homomorphism representing the class only changes by the homomorphism which maps φ to
and again this comes from an element of the denominator of (2). 
Proof. -This follows on choosing bases for P • and Q • and then using these bases to form a basis of
Recall that | − | denotes the standard metric on C.
Proof. -As P • is acyclic and its terms are projective, it is isomorphic to a complex
where the W i are all projective and where the boundary maps are projection to the second factor. Using bases of the W i to form bases of the P i , together with the standard properties of det, we see that the products in 3.3 all telescope to 1. ✷ LEMMA 3.6. -If p • and q • are two sets of metrics on the equivariant determinants of cohomology of
represented by the homomorphism which maps each φ ∈ G to the value 1 × α(φ).
Proof. -This follows immediately from (3.3). ✷
Invariance under quasi-isomorphism
Recall that α is called a quasiisomorphism if it induces an isomorphism on the cohomology of the complexes. Theorem 2 in [27] implies that if α is a quasi-isomorphism, then it induces natural isomorphisms
so that the following square commutes:
where the top horizontal map is det(α φ ) and where the vertical isomorphisms are ξ C,φ and ξ D,φ of (1).
The following result is an immediate consequence of the definitions:
metric quasi-isomorphism; we call the metrics c • the metrics on the equivariant determinants of cohomology induced from
) for all φ ∈ G and so α and β induce the same metrics on the equivariant determinant of cohomology of C
• .
The main result of this sub-section is DEFINITION-THEOREM 3.9. -With the above notation and hypotheses, let
be a metric quasi-isomorphism and suppose further that we can find perfect metrised 
Before proving the theorem we first need some preliminary results.
is an exact sequence of perfect Z[G]-complexes and if A
• is acyclic, then there exists a cochain map i :
Proof. -Apply the above lemma to
We then endow the equivariant determinants of the cohomology of L • with the trivial metrics l • as per Lemma 3.5. Then by 3.4 and 3.5
Thus, without loss of generality, we may now assume that g is surjective.
Consider the diagram
By Lemma 3.10 we can find a Z[G]-map β :
As f, g and α are all quasi-isomorphisms, β is also a quasi-isomorphism.
As previously, by adding an acyclic complex with trivial metrics (L
We let f :
• denote the composition of f with the natural projection map. Then in general of course it will not be true
for all i. In order to complete the proof of Theorem 3.9, we apply Corollary 3.11 to choose a section γ : Q
• → P • of β . Again as per Lemma 3.5 we endow the equivariant determinants of cohomology of ker β with the trivial metric s • ; as per Lemma 3.4 we endow P
• with the
However, as the metrics q • , on the equivariant determinants of the cohomology of
and so by Lemma 3.8 they are equal. Therefore we have shown
which is the desired result. ✷
Arithmetic classgroups
Symplectic arithmetic classes
The arithmetic classgroup A(Z [G] ) carries a great deal of information. In consequence, it is often advantageous in practice to work with various image groups. The most important of these is the symplectic arithmetic classgroup.
Recall that by the Hasse-Schilling norm theorem
where the right-hand expression denotes Galois equivariant homomorphisms whose values on R s G , the group of virtual symplectic characters, are all totally positive. By analogy with the map ∆ of Section 3.1, we again have a diagonal map
where
Torsion classes
Thus the decomposition of a finite module into its p-primary parts induces the direct sum decomposition
We write K 0 (F p [G] ) for the Grothendieck group of finitely generated projective F p [G]-modules; since each such module may be considered as a finite, cohomologically trivial
From Chapter 1, Theorem 3.3 in [37] recall that there is the Fröhlich isomorphism
thus there is a natural map ν :
In order that our invariants agree with the standard invariants in Arakelov theory, our convention here is that of I.3.2 in [37] :
is represented by Det(α); this then is the inverse of the description given in 4.4 in [7] . It will be important in the sequel to keep this in mind when performing various torsion calculations in Sections 7 and 8.
Tame arithmetic classes
Although we shall ultimately always be interested in forming arithmetic classes over the integral group ring Z[G], in carrying out calculations it will often be advantageous to work with more general group rings, where we allow tame coefficients. With this in mind, we let T denote the maximal abelian tame extension of Q in Q and we set In arithmetic calculations we shall often need to work with the tame symplectic arithmetic classgroup defined as
Inclusion then induces a surjective homomorphism
Rational classes
Rational classes are ubiquitous in arithmetic applications. The subgroup of rational symplectic arithmetic classes is defined to be the subgroup of
which is defined as follows:
∞ . Clearly θ vanishes on Im(∆ s ) and so induces a homomorphism
From [6] (see also Corollary 3 to Theorem 17 in [17] ) we know that
and so by (9) we see that θ may be written as an isomorphism
Passage to degree zero
In this sub-section we describe a useful procedure for changing arithmetic classes by passage to characters of degree zero. In practice this will allow us to disregard various free classes which arise in our calculations. For an abelian group A and for f ∈ Hom(R G , A), we write f ∈ Hom(R G , A) for the homomorphism defined by the rulef
, represented by a homomorphism f under (2), we can unambiguously define a new classc, depending only on c, to be that class represented by the homomorphismf .
The map c →c can be interpreted in the following fashion in terms of G-fixed points together with the induction map
given in terms of character maps by Ind(f )(ψ) = f (Res 
Proof.
We adopt the notation of Section 3.2 and assume that f is the representative character map for the class To conclude we consider the archimedean coordinates. As e respectively 1 is a basis element of length 1 for the trivial isotypic component of C[G] respectively C with respect to ν G respectively ν 1 (see 2.3 for the definition of ν), then as in Section 3.2 we see that the archimedean coordinate of f (1 G ) respectively h (1 {1} ) is obtained by evaluating p 1 on the wedge product
it follows that the archimedean coordinates of f (1 G ) and h(1 {1} ) are also equal. ✷
Arithmetic applications
Preliminary results
Let X as given in the introduction: Thus we suppose that X is a projective scheme over Spec(Z) with structure morphism f : X → Spec(Z). Suppose further that X is flat over Spec(Z) with equidimensional fibres of dimension d and that the generic fibre of X is smooth. For the sake of brevity, in the sequel we shall refer to X simply as an arithmetic variety. Suppose further that X is endowed with an action (X , G) by a given finite group G. Since X is projective, the quotient scheme Y = X /G is defined and we denote the quotient morphism by π : X → Y.
Throughout this section we suppose that X and Y satisfy hypotheses (T1) and (T2). Since, by (T1), G acts tamely on X , we note that by the valuative criterion for properness it follows that G must act freely on the generic fiber X Q (see 1.2.4(d) in [8] ). Let b denote the branch locus on Y of the cover X /Y which is then contained in a finite set of fibers of Y → Spec(Z). By hypothesis (T2) we know that the branch locus b is a Cartier divisor on Y with strictly normal crossings. We now consider the construction of arithmetic classes for complexes of sheaves on X . For a detailed account of the formation of Euler characteristics (without metrics) associated to a tame action, the reader is referred to [11] . Let F
• denote a bounded complex of coherent G-X sheaves. Consider a G-stable open affine cover U of X and take the chain complex C
• which is the associated simple complex to the double complex
There is an isomorphism in the derived category between C
• and RΓ(X ,
and from Theorem 2.7 in [7] we know that the terms in C • may be taken to be cohomologically trivial G-modules.
Proof. -For full details we refer to the proof of Theorem 1.1 in [7] ; so we shall now briefly only sketch the proof for the reader's convenience. From Lemma III.12.3 in [23] we may construct a quasi-isomorphism γ 1 : P
• where the complex P 
for all φ ∈ G. These metrics then induce metrics p φ on det(H • (P • φ )) and by Theorem 3.9 we know that the arithmetic class χ(P • , p • ) is independent of choices; we denote this class
and the image of this class in the symplectic arithmetic classgroup
The following results describe some basic properties of such arithmetic classes. The first two results follow immediately from 3.4 and 3.6.
further set of metrics on the equivariant determinants of cohomology of RΓ(X , F
• ) and suppose that for each 
for each φ ∈ G, then there is an equality of arithmetic classes
Proof. -Let U denote a G-stable affine cover of X . Then we get the associated exact sequence of Cech complexes
For brevity we put C
As mentioned at the start of this section, since the G-action is tame, we can then find perfect Z[G]-complexes with surjective quasi-isomorphisms
We assert that we can construct a commutative diagram in which the vertical maps are all surjective quasi-isomorphisms and in which the P
The result will then follow on taking bases for the P i j for j = 1, 3 and using these to form bases of the P i 2 . We now briefly sketch the construction of P 
By adding a free acyclic complex to P • 2 we may assume that β is surjective; this then implies that ker β is a perfect complex, and so the restriction of γ to ker β provides a quasi-isomorphism to C • 1 . By adding a free acyclic complex to ker β we obtain a surjective quasi-isomorphism onto C 
where f T * denotes the composition of
Here the first map is induced by the structure maps f p : X p → Spec(F p ) for p ∈ S (see Theorem 1.1 in [7] ), and the second map is as described in Section 4.2. 
Rings of integers
The remainder of this article is devoted to the study of images of arithmetic classes in various arithmetic situations. In this sub-section we shall consider the case where X is the spectrum of a ring of integers; thus in this sub-section we consider the case X = Spec(O N ) for a ring of integers O N of a number field N which is at most tamely ramified over a number field K, with N/K Galois and G = Gal(N/K).
Our main result here is Theorem 5.9, which is closely related to the work of Fröhlich in Chapter VI of [17] and to the proof of the Second Fröhlich Conjecture in [6] .
Suppose that a is a G-stable O N -ideal and let F =ã be the associated G-X sheaf viewed as a complex concentrated in degree zero. As X is affine
where the sum extends over the embeddings σ : N → C. Thus, as in (2.5), h determines metrics on the det((C ⊗ Q N ) φ ) for φ ∈ G; we denote this set of metrics by det h • .
Remark. -We refer to the form h as the Hecke form since this form was introduced by Hecke in his proof of the functional equation for L-functions; see for instance 9.3 in [24] .
We write µ K for the G-invariant positive hermitian form on C ⊗ Q K [G] given by the rule
where the first right-hand sum extends over all embeddings ρ of K into C. Again as per (2.5) 
where ν is the map on torsion classes of Section 4.2.
Proof. -This follows from Propositions 5.5 and 5.6 applied to the exact sequence
for ψ ∈ R s G , where (, ) denotes the standard inner product on R G . Note that
is an even integer, since ψ | Ip is a symplectic character of the cyclic group I p and is therefore a sum of characters of the form θ +θ. We then define Pf(O N ) to be the idele valued function, defined on symplectic characters, which is Pf p (O N ) at primes over p and which is 1 at the archimedean primes.
The main result of this sub-section is the following description of the tame arithmetic classes
is represented by the homomorphism 1 × δ K . Before proceeding with the proof of the theorem, we first introduce some notation and establish some preparatory results. (4) we have proved the following particular instance of the Galois action formula for resolvents (cf. Theorem 20A in [16] )
The local resolvents (α p | ψ) are defined similarly (see loc. cit.).
Set Ω K = Gal(Q/K) and recall that we write Ω for Ω Q . For an Ω-module A, let
denote the co-restriction map of (3.3) in II.3 of [16] ; we extend the domain of this map to include resolvents, which are not in general Ω K -equivariant, as per (3.1) in III.3 in [16] . We now recall the p-adic absolute value function and some related constructions from [9] ; for full details see (3.1) and (3.2) in loc. cit. Let L = Q(ζ p ). By Lemma 3.1 loc. cit. we know that we can find λ ∈ L p such that
we shall say that g is well-defined if for each φ ∈ R G there is an integer n φ such that g(φ)λ n φ is a unit and we define g : R G → λ Z by the rule that g (φ) = λ n φ . Once and for all we fix a field embedding h : Q → Q p . From II.2.1 in [16] , h induces an isomorphism
we shall say that f is welldefined when h * f is well-defined. In the sequel we employ a standard abuse of notation and write
Proof. -This is III.4.9 of [16] . ✷
where we recall from Section 4.2 that T denotes the maximal abelian tame extension of Q in Q.
Proof. -Let τ * denote the adjusted Galois Gauss sum of (3.9) in [36] (or see IV.1.7. in [16] ). From the discussion following Theorem 2 in [36] we know that we can find
Recall that we have fixed a choice of field embedding h : Q → Q p . By Theorem 4 in [9] we know that τ * p = ε 0,p is well-defined. Writing
and by Theorem 4 in loc. cit.
From Theorem 7.4 in [30] we know that each value of τ s p is plus or minus an integral power of p. Thus for a symplectic character ψ of G,
where N f p (ψ) denotes the p-part of the absolute norm of the Artin conductor of ψ. As τ * s p (ψ) and P f p (O N )(ψ) are both integral powers of −p, we deduce that τ * s p
Proof of Theorem 5.9. -We begin by proving (a). Let {x
. Then
and so the matrix (λ 
To obtain the archimedean coordinate for a chosen irreducible character φ we have to extend our notation and choose a positive integer n φ such that det(φ) n φ φ(1) is trivial. We then write ψ = n φ φ(1)φ and set
where W n φ φ denotes the direct sum of n φ copies of W φ . We endow W ψ with the hermitian form, ν ψ say, given by the orthogonal sum of the hermitian forms on the W φ , and we let {w ψ,k } denote the basis of W ψ derived from the bases {w φ,l } of W φ . We must now consider the wedge product i,k
where y i = x i (b | ψ); here we obtain the second equality from the fact that
A priori (b | ψ) ∈ C ⊗ Q N ; however, because det(ψ) = 1, by the Galois action formula (10),
To complete the proof of (a), note first that as the {x i } are fixed by G and as {w ψ,k } is an orthonormal basis for the form ν ψ ,
In the sequel we shall write
Hence the archimedean coordinate of the representing homomorphism of
Note that the square roots in the above right-hand terms (which are of course taken to be positive) arise since we are dealing with the metrics which are, of course, given by the square root of the corresponding positive definite hermitian forms. This then shows that the class χ(O N , det h • ) is represented by the homomorphism which maps an irreducible character φ to the value
We now consider χ
Then by Theorem 5.10 this class is represented by the homomorphism which maps a symplectic character ψ to the value
we conclude that the class is also represented by
and the result then follows from 5.11. The proof for (b) is similar, but considerably easier, because we may replace b and all the β p by 1 throughout in the above. Indeed, we see immediately that, with these choices, the finite coordinate is 1. Since
we have
Equivariant Quillen metrics
Definition of arithmetic classes
In this section we again consider an arithmetic variety X with fibral dimension d and G-action such that (T1) and (T2) hold. Since G acts tamely on X , G must act freely on the complexified generic fibre X := X × Z C; in the sequel we shall abuse terminology and identify X with the complex manifold X (C) of its complex points. We fix a Kähler metric h T Y on Y which is invariant under complex conjugation. We denote by h X = h T X the Kähler metric on X which is the pullback of h T Y ; this is then also invariant under complex conjugation. We shall always adopt the standard normalisation of multiplying the Kähler form dual to h Y by (i/2π) d ; this will ensure that the L 2 -metric is then norm compatible with Serre duality (see 1.4 in [22] ). We endow Ω n X , the sheaf of regular n-forms on X, with the normalised metric |G| (F , f) , where F is a locally free G-X sheaf with the property that the induced holomorphic vector bundle F C over X supports a G-invariant hermitian metric f , which is invariant under complex conjugation.
The complex lines det(H
coming from the L 2 -metric of Hodge theory for the Dolbeault resolution. As per Section II in [2] , the f L 2 ,φ can be transformed to equivariant Quillen metrics f Q,φ for φ ∈ G. One of the main objectives of this article is the study of the arithmetic classes
More generally, we shall also consider a bounded complex G • of hermitian G-bundles on X , with g i denoting the hermitian form on G i . Then the g • induce metrics g • Q,φ on the equivariant determinant of the hypercohomology of G
• , and so the arithmetic class
is defined; explicitly, we may identify the equivariant determinant of det(
See Section III of [2] for details. In the sequel we shall write g Q• for the metrics on the equivariant determinant of hypercohomology induced by the {g i Q• }.
1-dimensional subschemes
In this sub-section we place ourselves in the situation described in Section 5.1. In particular, (T1) and (T2) are satisfied. Recall that by hypothesis (T2) b is a divisor with strictly normal crossings. Here we consider an irreducible regular connected closed horizontal sub-scheme Z of X of dimension one; we may therefore write Z = Spec(O N ) for some ring of integers N , where G acts tamely on N . As previously we put K = N G consider F = O Z and endow F with the Hecke form h of Section 5.2.
Next we recall the Pfaffian divisor from Section 2 of [9] : for each symplectic character ψ of G, the Pfaffian divisor Pf(X , ψ) is a divisor on Y which is supported on the branch locus b. Let W = π(Z) so that W is a closed sub-scheme of Y. Throughout this sub-section we shall suppose that W meets b transversely and at smooth points of b. As we shall see in the next section, in practice we can often reduce to this situation by means of a moving lemma -subject to certain base extensions.
From Theorem 5.9 we know that χ
Let {b i } denote the irreducible components of b; let η i denote the generic point of an irreducible component, B i say, of π −1 (b i ); let I i denote the inertia group of η i and recall that u i denotes the augmentation character of I i . From (2.1) in [9] we know that
A closed point p of W (above p, say) is ramified in Z/W if and only if it is a point of intersection of W and some b i . Since we have assumed that W intersects b transversely at smooth points of b, I p is a conjugate of I i and recall that we denote the residue class degree of the point p by f p . In the sequel for such a point p we write n(p) = i. By (5.8) for ψ ∈ R s G we have
where the product extends over all points of intersection of W with the fibre of b above p. We therefore denote the right-hand expression by deg (W ·Pf p (X , ψ) ), and we let deg (W ·Pf(X , ψ) ) denote the finite idele whose pth component is deg(W · Pf p (X , ψ)). (Note that almost all p-components are 1 and that the use of −p in place of p means that of course we are using degree in a non-standard way.) Writingε ∞ (W) forε ∞ (K), we have now shown that the class
Since the Dolbeault complex of a point is trivial, the equivariant Quillen metrics associated to the metrics h • are precisely the det(h • ) (cf. 
Invariance under passage to degree zero
In this sub-section we establish a number of results concerning the independence, with respect to the choice of hermitian metric, of arithmetic classes after passage to degree zero by the method described in Section 4.5. Recall that we denote the complexified generic fibre of X by X.
THEOREM 6.2. -Suppose that F is a hermitian G-bundle on X and let f, f be two G-invariant hermitian metrics on F . Then there exists a positive real number c such that for each
and soχ
Proof. -For each φ ∈ G, let β φ be the positive real number such that β φ f Q,φ = f Q,φ . We
the Anomaly Formula in Theorem 2.5 of [2] shows that σ(g) may be evaluated in terms of integrals over the fixed points of g. However, since G acts freely on X, for each g ∈ G, g = 1 G , the sub-variety of fixed points X g = {x ∈ X(C) | x g = x} is empty. Thus we immediately deduce that σ(g) = 0 whenever g = 1 G . This then shows that σ is a scalar multiple of the regular character and the result follows. ✷ Next we consider the direct image of a hermitian bundle on a closed sub-scheme of a regular arithmetic variety X . The formation of standard (i.e., non-hermitian) Euler characteristics respects closed immersions; however, this need not be the case for arithmetic classes, as the associated Quillen metrics may change. The precise variation in the arithmetic classes, that we wish to consider, was determined in Theorem 0.1 in [2] .
We begin by considering a G-equivariant closed immersion i : Z → X of an arithmetic variety Z which also supports a tame action by G. Let F denote a locally free G-Z sheaf. Since X is regular, we may resolve i * F by a bounded complex G
• of locally free coherent G-X modules. We then have natural isomorphisms in the derived category of Z[G]-modules
and hence, for each φ ∈ G, we obtain isomorphisms
In order to describe the relevant metrics that we wish to place on these determinants of cohomology, we need some further notation. Let Z = Z C and let T Z denote the tangent bundle of Z. We let h T Z denote the restriction of h to T Z. Let N Z|X denote the normal bundle to Z in X and let h N Z|X be the metric on N Z|X induced by h. Let f denote a given G-invariant metric on F ; we then endow each term G i of G • with a G-invariant hermitian metric g i in such a way that the metrics {g i } satisfy Bismut's Condition A with respect to h N Z|X and f . We now wish to compare the arithmetic classes χ(RΓ(Z,
. Let α φ be the unique positive real number such that under the isomorphism σ φ of (15)
Then by Proposition 5.4 we see that the arithmetic class
is represented by the homomorphism 
Proof. -In Theorem 0.1 in [2] Bismut considers the central function τ
and shows that τ (g) may be evaluated in terms of integrals over the fixed points of g. As in the proof of 6.2 we deduce that τ (g) = 0 whenever g = 1 G . This then shows that τ is again a scalar multiple of the regular character and the result follows. ✷
We now interpret the above results in terms of arithmetic classes.
. . , m be hermitian bundles on closed G-subschemes i
j : Z j → X , i k : W k → X such that j [i j * F j ] = k [i k * G k ] in K 0 (G, X ).
Then there is an equality of classes in
Proof. -We first choose resolutions by locally free G-X sheaves
From the definition of K 0 (G, X ), we can find locally free G-X sheaves D a,b , E c,d and an isomorphism, which we henceforth treat as an equality,
where the G-X sheaves D a,b , E c,d fit into exact sequences
We then endow the sheaves E 3,d and D 3,b with arbitrary G-invariant metrics ξ 3,d and η 3,b ; we then choose G-invariant metrics
Condition A as above, so that by Theorem 6.3:
We then endow the sheaves A 
The desired equality then follows from (16) and Theorem 6.2. ✷
Logarithmic differentials
In this section we consider the Arakelov-Euler characteristic associated to the logarithmic de Rham complex of an arithmetic variety X with fibral dimension d. We begin by relating this class to an arithmetic class associated to the top Chern class of the logarithmic differentials of X . After allowing for various innocuous base field extensions, we shall use the moving techniques of [12] to express this top Chern class as a difference of two horizontal 1-cycles together with a relatively innocuous fibral term. We shall then be able to use the results of Section 5.2 to show that the arithmetic class associated to the logarithmic de Rham complex of X has the remarkable property of characterising symplectic ε 0 -constants of X .
Recall that in § 6.A we have fixed a Kähler metric h X on the tangent bundle of X = X (C) and metrics
In this section we again suppose that X and Y satisfy hypotheses (T1) and (T2). Let S denote a finite set of prime numbers which contains all the primes which support the branch locus, together with all primes p where the fibre Y p fails to be smooth. We put S = S ∪ {∞}.
Let 
The main goal of this section is the study of the arithmetic class (see Section 6.1)
To explain our main result we need to introduce some notation on ε 0 -constants. For a more detailed account see Section 4 in [9] and Section 2 and Section 5 in [8] . For a given prime number p, we choose a prime number l = l p which is different from p and we fix a field embedding Q l → C; then, following the procedure of Section 8 in [15] , each of the étale cohomology groups H í et (X ×Q p , Q l ) for 0 i 2d, affords a continuous complex representation of the local Weil-Deligne group. Thus, after choosing both an additive character ψ p of Q p and a Haar measure dx p of Q p , for each complex character θ of G the complex number ε 0,p (Y, θ, ψ p , dx p , l p ) 
by Corollary 1 to Theorem 1 in [9] we know that when θ is symplectic,ε 0,p (Y, θ, ψ p , dx p , l p ) is a non-zero rational number, which is independent of choices, and θ →ε 0,p (Y, θ) defines an elementε
In the case where X is the spectrum of a ring of integers O N of a number field N and
Analogously, for the Archimedean prime ∞ of Q, Deligne provides a definition for ε ∞ (Y) and from 5.5.2 and 5.4.1 in [8] we recall that
and we define
The main result of this section is (we always assume that hypotheses (T1) and (T2) are satisfied): 
By way of preparation for the proof of Theorem 7.1, we shall initially work with an arbitrary locally free Y-sheaf E; only towards the end of the section shall we need to specialise to the case where
Throughout this section we adopt the notation and hypotheses of [12] .
, the ith component of the Grothendieck γ-filtration. We define c i (E) to be the class
LEMMA 7.2. -Let E be as above, let L denote an arbitrary line bundle on Y and suppose that n 0 is a given negative integer. Then there exist an integer n 1 n 0 and integers l n for n 1 n n 0 , which depend only on rk(E), such that for all i 0 Remark. -From Lemma 9.1.2 in [8] we know that we can construct harmless for m extensions whose residue class fields over S are arbitrarily large.
If m is a positive integer and if M is harmless for m, let e : Spec(O M ) → Spec(Z) be the structure morphism, write Y for the base extension Y × Z O N , and E for the pullback of E to Y .
Suppose now that an integer m is given and that E has rank d; for an integer n we put [12] we know that we can find a negative integer n 0 with the following property: let n 1 be an integer chosen as in Lemma 7.2 with respect to the negative integer n 0 ; then for each n, n 1 n n 0 , there is an open subset U n of Spec(Z), which contains S, an extension M which is harmless for m, and a (possibly non-effective) 1-cycle D n on Y whose irreducible components are horizontal and meet b transversely and at points which are smooth points of both D n and b, such that
where T n is supported on closed points. With the notation of Lemma 7.2, we set U = n0 n=n1 U n , so that for all n, n 1 n n 0 we have
Pushing forward by e and using the fact that O M is free over Z, we get
In the sequel we work with a chosen such extension M . We write π * D n for the normalisation of π * D n and we endow both e * π * D n and e * π * D n with the Hecke form h n of Section 6.2; we denote their arithmetic classes by χ(e * π * D n , det h n• ) andχ(e * π * D n , det h n• ). Proposition 5.7, together with Lemma 7.4 below, shows that the two resulting classes coincide after passage to degree zeroχ
-Suppose that F is a coherent Y-sheaf which is supported on a single prime p and suppose: either that p / ∈ S; or that, if p ∈ S, then F is supported over a finite number of points of
Proof. -Let h : Y → Spec(Z) denote the structure morphism of Y and suppose first that F is the coherent Y-sheaf given by the structure sheaf of a closed point of Y. As f * = h * π * and
, the result follows readily from the normal basis theorem. Suppose now that p / ∈ S. For a p-regular element g ∈ G, g = 1, X g p = ∅, since G acts freely away from S. Thus by the Lefschetz-Riemann-Roch theorem, we know that the Brauer trace of g on f p * (F ) is zero; hence we may conclude that f p * (F ) is a free class. ✷ Recall thatc denotes the arithmetic class obtained from c by passage to degree zero, as per Section 4.5. As an intermediate step towards proving Theorem 7.1, we first show that the result holds in degree zero: 
Proof. -We apply the above work where we now take
S / log S) and where we take n 0 sufficiently small and negative to guarantee that E D (−n) has a regular section for all n n 0 . Recall that π * E is endowed with the metric h D , the dual of the Kähler metric; we endow π * O Y (n) with a chosen G-invariant metric ν n . By 7.2 together with 7.4 and Proposition 6.4, we know that
Let W n denote the closed one dimensional sub-scheme of Y cut out by the regular section of E D (−n) and put Z n = π * W n ; so that we have the Koszul quasi-isomorphism
By 6.4 we know thatχ
where j n denotes the Hecke metric on
, and also by 7.4 we know thatχ(e * π * T n , π * | − |) = 0; hence by Proposition 6.4, together with (19)- (22), we may conclude that
and consider the restriction of C to an irreducible component b i of b over p; in this way we obtain a punctual virtual sheaf whose length we denote by (13)), then we may define deg(C · Pf(X ))(ψ) ∈ J f to be the idele whose component at primes over p is (−p)
Σiqini . We then use this construction to define the symplectic arithmetic class h ∈ A s T (Z[G]) to be that class which is represented by the homomorphism
In fact, from Theorem 1 in [9] , we know that h is a rational class and that moreover
By Theorems 5.9 and 6.1, the left-hand arithmetic class in (23) above is represented by the character function given on characters of degree zero by
By (18) and (19) together with Theorem 5.5.2 in [8] we know that
Again by (18) and (19) 
By (21)- (23) we know that
and by the above work the right-hand class is represented by the same homomorphism as
. Thus, by varying M , we see that
and so by (24)
Before embarking on the proof of Theorem 7.1, we first need a number of preliminary results.
LEMMA 7.6. -(a) For a coherent G-X sheaf F there is a quasi-isomorphism of complexes of abelian groups
Proof. -Part (a) follows at once on expressing RΓF and RΓ(F G ) in terms of Cech complexes for a given affine cover of Y (which pulls back to an affine cover of X , since X /Y is finite) and then taking G-invariants of the first complex. Part (b) is then immediate since f Q,1 (the Quillen metric for the trivial character) is constructed by forming the Quillen metric associated to the restriction of f to the trivial isotypical component of Proof. -For a rational finite idele j ∈ J Q,f we write c(j) for the positive rational number which generates the fractional Z-ideal given by the content of j. The first part of the lemma then follows from 3.2 on noting that the map from J Q,f × R >0 → R >0 given by mapping
To show the second part of the lemma we first note that the class e is represented by 1 × γ(e) −1 ; and that the symplectic characters of the trivial group are the even multiples of the trivial character. It therefore follows that 
Therefore, by 7.7, it will suffice to show that
From (17), we know that for all non-negative j
which we write more succinctly as
We therefore see that it is enough to show the following two results (always under hypotheses (T1) and (T2)):
for any Kähler metric j on the complex tangent bundle T Y . Remark 1. -In fact this result can also easily be proved using the arithmetic Riemann-Roch Theorem of Gillet and Soulé; this alternative approach to the calculation of Arakelov-Euler characteristics is explored in [13] ; here, however, we shall provide a direct proof, which is due to Bismut and which was shown to us by C. Soulé.
Remark 2. -Note that the theorem shows that the lefthand Arakelov-Euler characteristic is in fact independent of the chosen Kähler metric h. In the proof of the theorem we shall see that the fact that the metric on the determinant of cohomology is independent of choices comes down to two key-points: firstly, by a theorem of Ray-Singer the analytic torsion associated to the full de Rham complex is zero for any Kähler metric h; secondly the L 2 -metric associated to h is compatible with Serre duality, which is of course independent of choices.
We begin by proving Theorem 7.9. For a place v of Q we calculate the ε 0,v -constants with respect to the standard Haar measures dx v of Z v and with respect to the Tate-Iwasawa additive character ψ v of Q v (see [35] pp. 316-319).
We first consider the case of a finite prime p. From Theorem 2 in [33] we know that
Thus by the standard transformation formulae for ε-constants (see 5.3 and 5.4 in [15] )
where σ denotes the determinant of the motive of X ⊗ G V and where V denotes the trivial representation of G. From Proposition 2.2.1.a, c in [8] we know that σ 2 (p) = p dχ(YQ) since p corresponds to a geometric Frobenius in [15, p. 523] .
Next, we consider the archimedean prime v = ∞. From Lemma 5.1.1 in [8] , we know that
To show that ε 0,S (Y, 2 · 1 G ) is positive, note that from (2.2) in 2.4 of [8] we know that in all cases
Thus by global reciprocity 1 = v∈S det(σ)(−1 v ) and so we have indeed now shown that ε 0,S (Y, 2 · 1 G ) is a positive rational number.
Prior to proving Theorem 7.8, we note that we have:
Proof. -Recall that {Y i } i∈I denote the irreducible components of the disjoint union of the special fibres Y red S . From Proposition 3.1 in [13] we know that the natural morphism 
Because we have normalised the Kähler form as in Section 6.1, the associated L 2 -norm is compatible with Serre duality (see 1.4 of [22] ), and so the induced isomorphisms on complex cohomology are isometries when the complex cohomology groups are endowed with their L 2 -metrics. Thus we see that
where for brevity we write
. Next we observe that by Lemma 7.10, we know that
Thus we obtain a quasi-isomorphism
and again the induced isomorphisms on complex cohomology are isometries with respect to their L 2 -metrics. Thus we can write the number
But this latter product can be rewritten as Π 1 · Π 2 where Π 1 respectively Π 2 is the first, respectively second of the following expressions:
d+n and we note that (27) implies that Π 1 = 1. Hence we may conclude that χ L 2 (RΓ ∧ • E) 2 is equal to Π 2 . In order to evaluate Π 2 we consider the exact sequences
and we apply the exact functor Hom OY (∧ n E, −) to get exact sequences
Recall that h denotes the structure map h : Y → Spec(Z), m i denotes the multiplicity of the component Y i in Y S and, as previously, for each i we let p i denote the prime which supports Y i . For brevity we shall write
It then follows from the above and from 5.5 and 5.6 that Π 2 is equal to
However, from 3.7 in [13] (or see 5.1 in [9] ), we know that
and so we have now shown
Finally we need to allow for the fact that in the above we have used the L 2 -metric instead of the given Quillen metric. From the very definition of the Quillen metric, we know that
This then completes the proof of Theorem 7.8. ✷ Observe that Theorems 7.8 and 7.9 show that
We conclude this section by showing that the right hand factor ξ S (2) in the above can be removed by twisting the sheaf
Proof. -Since for each i 0
we obtain an exact sequence of complexes of sheaves
where for 0 i d
S / log S iYS and so by (5.5), (5.6) and the equality displayed prior to (7.11)
and for 0 i d
However, by Serre duality we know that
and so we see that
which therefore shows that
as required. ✷
Differentials
In this the final section of the article we suppose that X , Y again satisfy (T1) and (T2) and we construct arithmetic classes associated to the sheaf of (regular) differentials
is not in general locally free over O X , we resolve it by locally free G-X sheaves as follows: we choose a G-equivariant embedding i : X → P of X into a projective bundle P over Spec(Z). The sheaf of differentials Ω 1 X /Z then has a resolution by locally free G-X sheaves
where P = i * Ω 1 P/Z , and where N * denotes the conormal bundle associated to the regular embedding i. Let F
• denote the length two complex
where the term P is deemed to have degree zero. Thus we may view π as inducing a quasiisomorphism of complexes, which we abusively also denote π,
Here we further abuse notation and write Ω 1 X /Z for the complex which is Ω 1 X /Z in degree zero and which is zero elsewhere.
For j 0, recall that we have the Dold-Puppe exterior power functors j defined on bounded complexes of locally free G-X sheaves and which take quasi-isomorphisms to quasiisomorphisms. (See [14] for an account of these functors which is particularly well-suited to their use in this paper.)
We then endow the equivariant determinant of cohomology of the complex
• on the determinants of cohomology of Ω j X/C ; we then define arithmetic classes
Note that here the use of the symbols λ j is entirely symbolic; however, it is important to observe that the lefthand classes are independent of the chosen embedding i : X → P: indeed, for a further embedding i , with the obvious notation,
; furthermore their metrics on the determinant of cohomology match under the corresponding quasi-isomorphism; hence by 3.9 the arithmetic classes coincide.
The equivariant Arakelov-Euler characteristic χ(RΓλ
is the principal object of study in this section. Our aim here is to relate it to the epsilon constant ε(Y), whose definition we now briefly recall. Let A Q denote the ring of rational adeles; let ψ = v ψ v denote a non-trivial additive character of A Q /Q; let dx denote the Haar measure on A Q /Q such that AQ/Q dx = 1 and let dx = v dx v be a factorisation of dx into local Haar measures dx v with the property that θ) is the epsilon constant associated to the special fibre Y v and if v = ∞ then we take ε(Y v , θ) = 1. We then set
Note that in this product almost all terms are 1 and moreover this product is independent of choices of additive character and Haar measure. Thus in the lefthand term we shall abuse notation and henceforth we shall not overtly mention the choices of auxiliary primes l v .
For future reference we now need to gather together some standard results on fibral epsilon constants.
For this we require a minor variant on the notation introduced prior to Theorem 5.10. As previously, given a prime number p we fix a field embedding h : Q → Q p , we put ( Q) p = Q ⊗ Q p and we let J f → ( Q) × p denote the map given by projection to the pth coordinate; given x ∈ J f , we shall write 
Proof. -See [7] 5.7, 5.13 and 5.12. ✷
In order to make precise the fundamental relationship between χ(RΓλ
and ε(Y), we now need to introduce the arithmetic ramification class, which may be viewed as an arithmetic counterpart of the ramification class occurring in Theorem 1.1 in [12] .
be the arithmetic class which is represented by the idele valued character function β, given by the rule that β has trivial archimedean coordinate and at a finite prime q
where b q denotes the union of the components of b which are supported by q.
We are now in a position to be able to state the main result of this article:
is a rational class and
As a first step towards the proof of this theorem, we use results from [13] to show that it will suffice to establish the corresponding result after passage to degree zero:
We begin by showing that Theorem 8.4 implies Theorem 8.3; we then conclude the article by establishing Theorem 8. 4 .
Suppose then that Theorem 8.4 holds. From Section 4.5, with the notation of 4.2, we know that
By 5.7 in [7] we know that ε(b p , 1 G ) is ± an integral power of p; hence we see that β and β represent the same class in A(Z [G] ) and so AR Proof. -We endow P and N * in (29) with G-invariant hermitian metrics and denote the resulting hermitian bundles by P and N * . We then let η 1 denote the Bott-Chern class associated to the exact sequence (29) , where Ω In Theorem 1.3 of [13] , with slightly different notation, it is shown that
whereas the class that we now wish to study is 
which will then imply that
Let us remark here that this last equality can also be shown by using Theorem 7.8 and a local calculation. From Lemma 7.10 we know that there is an exact sequence which now establishes (32) . Now each ε(Y p , 1 G ) is a rational number and so by Theorem 7.9, ε(Y, 2 · 1 G ) ∈ Q >0 . Thus by Lemma 7.7 we see that if we can show
then it will follow that d 0 is a rational class and that
With the notation of 7.6 above and by the very definition of d 0 (see 4.2),
Thus we are now required to show that for each j, 0 j d, the natural map
G is a quasi-isomorphism. To see this it will suffice to show the result after passing to a flat neighbourhood of each closed point of y of Y. Writing X → Y for the resulting base change to such a neighbourhood, we let x respectively y denote a closed point of X respectively Y above y. From Theorem A.1 and Lemma A.2 in [8] , we know that, for a suitable choice of neighbourhood, X contains (G : I x ) disjoint irreducible components which are permuted transitively by G and where the component which contains x has stabiliser I x , the inertia group of x . If B 1 , . . . , B This now follows easily since we know (see for instance Section 3 in [14] ) that the complex ∧ m K • is constituted entirely of terms which are tensor products of modules of the form ∧ n L times either one or no terms of the form ∧ n E; the result then follows because L ∼ = O V , as I-modules, and because, for any non-negative n, ∧ n (E I ) ∼ = (∧ n E) I (using the fact that the φ i come from the distinct components in a direct sum decomposition). ✷ Proof. -This is the content of (A) and (B) in 6(b) of [12] , but note that, as explained in Section 4.2, we adopt the opposite convention on the representative of a class in K 0 T(Z [G] ) to that used in [12] . ✷
We are now in a position to complete the proof of Theorem 8.4. From (35) , (36) 
But from Theorem 8.1 we know |ε(U p )| p ε(U p ) p ∼ 1 and ε(U p ) q ∼ 1 whenever q = p. This then establishes (37), as required. ✷
